A DEEPER LOOK 5 Rotational selection rules

The starting point for the identification of rotational selec-
tion rules is the general definition of the transition dipole
moment between states with wavefunctions y; and v

wo= [y iy de

where [1 is the electric dipole moment operator, —er.

(a) Pure rotational selection rules

The procedure involves expressing trigonometric func-
tions and the rotational wavefunctions in terms of spheri-
cal harmonics (Table 7F.1) and then using standard
integrals to identify the criteria for the integrals to be
non-zero.

Step 1 Identify the rotational wavefunctions

For a diatomic molecule the rotational wavefunctions are
the spherical harmonics Y} ,, (6, ¢) (Topic 7F). The transi-
tion dipole moment for the spectroscopic transition f «— i
is therefore

o= [v2wi s, Y, , de

For a pure rotational transition the initial and final
electronic and vibrational states are the same, and so
=/ 7" ﬂl/fg‘y/yidre,v can be identified as the permanent
electric dipole moment of the molecule in the state i. This
equation then becomes

My :_[YJ:M“ ﬂiyv]‘,MMdrr

The remaining integration, denoted d7, is over the rota-
tional coordinates of the molecule. It follows immediately
that the molecule must have a permanent dipole moment
in order to have a microwave spectrum: this is the gross
selection rule for microwave spectroscopy.

Step 2 Write the dipole moment in terms of spherical
harmonics

The three components of the dipole moment can be writ-
ten in terms of the angles 6 and ¢ (Fig. 1)

U, = H,sin@cos¢
M;,, = H,sinBsing

M .= H,cosO

These trigonometric factors can be written in terms of the
three spherical harmonics Y, , Y, ., listed in Table 7F.1:
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Figure 1 The relation between the three components of the
dipole moment and the angles 6 and ¢.

Step 3 Evaluate the integral using a standard result

With these substitutions, the transition moment becomes
a sum of terms each of which is an integral over the prod-
uct of three spherical harmonics of the form

Y50, Y, 0 AT,

Jes My~ jom
with j =1 and m = 0, £1, depending on which component
is involved. This integral is well known in the theory of
angular momentum and is zero unless M;; = M;; + m
and J; = J; + j. Because m = 0, %1 it follows that AM =
M;;— M;; =0 or £1, and because j = 1 it follows that A =
Ji—Ji=%1.

(b) Rotational Raman selection rules

Consider a diatomic molecule, with polarizabilities o
and o, and an electric field € applied in the laboratory
Z-direction. The induced dipole moment is parallel to the
Z-axis, so U, = 0, E.

Step 1 Express the component in the molecular frame

In the molecular frame, the components of the dipole
moment are (i, i, and i, and from Fig. 2 it follows that

M, =M, sinBcosp+ U, sinOsing+ L, cosO

Figure 2 The components of the dipole moment p,, u, and
U, in relation to the laboratory frame.
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Similarly, the components of the electric field are

E,=Esinfcosp E =EsinOsing E,=LcosO

Step 2 Express the induced components of the dipole
moment in the molecular frame

Because the component of the induced electric dipole
moment in the molecular frame, q = x, y, z, is related to
the component of the electric field in that frame by u, =
0, E,, it follows that

[ [ o

— . —= . . ——=
u,=o, E sinfcosp+a £, sinfsing+a,, E, cosd

=a, Esin’Ocos’ ¢+or, Esin® Osin’ g+, E cos’ 6

=a, Esin’ 6+, Ecos’ 6

cos’x+sinx=1,x=0

=o, E+(oy—o, YEcos’ 6

Step 3 Express the angles in terms of spherical harmonics
The mean polarizability is defined as
o=5(0y+20x,)

The anisotropy of the polarizability is defined as

Aa=o—o,

Now note from Table 7F.1 that
5 1/2
— P 2 p—
Y2*°(9’¢)_(16n) (3cos"0-1)

SO

c0529=§{1+4(g) Y2,0(9,¢)}

It then follows that

Hy Z{OH-;‘(Z) AaY2’0(9,¢)}f

Step 4 Evaluate the transition dipole moment

Finally, consider the integral that defines the transition
moment:

Mg :JY]:M“ .qu/,,M,J dTr
P 1/2
:a(E_[Y,tM“ Y, dr, +‘§(5) Aaij,tM” Y0¥, dT,

The first term is zero if J; # J; and M;;# M;; and so does not
contribute any off-diagonal elements: it is responsible for
the unshifted Rayleigh line. The second term gives a contri-
bution only if both Acx and the integral do not disappear.
The former requirement implies that the polarizability must
be anisotropic; the latter requires ;= J; =2 and M;;= M;;.





