(1) Show how the determinant of a 3 x 3 matrix can be used to evaluate
both a cross product and a scalar triple product.

Let the vectors a, b and ¢ have components

a = (Uq,az,ag) == a1i+a2j+a3k
b == (b],b27b3) == b1i+b2j+b3k

c=1(c1,¢,0) =i+ cj+ ek

where i, j and k are unit vectors in the x, y and z directions respectively. Then

i j k
Q1 Gy G3 = (az b3 - bzazg)i - (Ch bg_ b]a/g)j + (a] bz - b] az) k
b] bz b3
= (azbg_bzag, asb, —bsa, , a1b2—b1az) = axb
C Cy C

a; a; az| = (aybs—byas) ey + (asby—bsay) ¢, + (arb, — bray) cs
by b, bs
= (axb), ¢, + (axb),c, + (axb);¢c; = (axb).c

The general properties of determinants can be used to infer some of those of a
cross and scalar triple product:

(i) axb = —bxa, because the determinant is multiplied by -1 if two rows
(or columns) are interchanged;

(i) axb =0 if a is parallel to b, because a determinant is zero if two rows
are the same;

(iii) (axb)ec=0if a, b and c are not linearly independent, so that they lie
in a plane (or along a line), for then any row minus a suitable combination
of the other two will result in a whole line of zeros.
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(2) Find the inverse of the following matrix

2 -1 1
C = 1T -1 2
-1 1 -1

and verifythat CC' = C'C =1.

adj(C) = matrix of cofactors of C”

(-1)x(=1) —2x1 1x1—=(=-1)x(=1) (-1)x2—=1x(=1)

2 1 -1
c'=[-1 1 1 = | 2x(=1) = 1x(=1) 2x(=1)=1x(=1) 1x1—2x2
1 2 -1

11— (=1)x(=1) (=1)x(=1)—2x1 2x(=1) = (-1)x1

-1 0 -1
= (-1 -1 -3
0 -1 -1

det(C) = det(CT)
= dot product of any row, or column, with its cofactors

=2x(-1)+1x0+ (-1)x(-1) = -1

. 1 0
adj(C
C' = J( ) =11 1 3
det(C) 0 1
2—140 0—141 2—-3+4+1 10 0
CcC' = 1—14+0 0—14+42 1-342]|=10 1 0]=1
14140 0+1—-1 —1+43-1 0 01
240—1 —14041 140-—1 10 0
C'C=|241-3 -1—143 142-3]|=[0 1 0]=1

o
o
—_

0+1—1 0—1+1 0+4+2-1



