XL

sin?0 + cos?f = 1

cosh’u = 1+ sinh?u

df = coshu du

cosh2u = 2 cosh®u — 1

sinh2u = 2 sinhu coshu

(1) Calculate the length of the spiral specified in polar coordinates by
r=10, 0<0<0nhy radians.

The Cartesian coordinates (x,y) of the point specified by the polar parameters
r and 6 are given by
r=rcosf® and y =rsind

Infinitesimally small changes in the polar parameters, dr and d6, lead to corre-
sponding tiny changes in the Cartesian coordinates

dr = % dr + % df = cos@dr —rsinfdd, and
or), 06,

_ (9y oy .
dy = (&')edr + (39>Td0 =sinfdr + rcosf dd

By Pythagoras theorem, therefore, the tiny arc length, d, between two neigh-
bouring points along the path r = () is

dL? = dz’ + dy® = dr?+ (rdo)?

Hence, for r = 6, the length of the spiral is given by
6= Omax Omax
L = /dL :/\/H—O2 dé
6=0 0
which can be solved by substituting 6 = sinh u:

L= /coshzu du = %/(1 + cosh2u) du = %[u—i— %sinhZu}

0 0

Umax

0

where Umax = sinh™'0may. Finally, with the aid of hyperbolic function identities,
the required length reduces to

L = Jumax + §5inh(2umay) = %(sinh“ﬁmax + Omax\/ 1+ Hnﬁax)




