Integration IV

Integrating areas and volumes,
and multiple integration

Answers to additional problems

T2
22.1  We obtain the entropy using the following integral, AS = S dT
Substituting for AS yields, n

330 o 330
AS:J‘ (91.47+ 7.5x10 T]dej' (91.T47 N 7.5X1072de

240 T 240
Integration yields, AS=[91.47InT+7.5x102T 13
Inserting the limits yields, ~ AS = [91.471n(%] +7.5x10 (330— 240)]
50 AS=(91.47 X 0.318) + (7.5 X 102X 90) = 29.13 + 6.75

and AS =35.88 JK! mol™!

222  Strategy

1. We find out where the two curves intersect.
2. Weintegrate each curve, using the two points of intersection as the limits.
3. We subtract the lesser area from the greater.

Solution

1. The first curve factorizes to formy = (x> + 5x + 6) (x—4) = (x+2) (x+3) (x—4). The
second curve factorizes to formy = (x + 2) (x—4) so the two curves intersect at the
pointsx=-2 and atx =4.

4
3
2. Upper curve _[_2()(2 —2x —S)dx = {% -x*- Sx} =-26% - (95) =36 area units.
-2
4

4 3
Lower curve _[4 (x3 +x*-14x —24) de=| X+ X 752 _24x
2 473 .

=-1222%3-(21Y3) =-144 area units.
3. Thearea of overlap is, 144 — 36 = 108 area units.
* The areas beneath both curves are negative because each lies below the x-axis.
But negative areas bear no relation to physical fact so from now on we will regard
both as positive.

22.3  We obtain the area as the integral,
3 3 N
J.ydx: AX_ sk | =[227-9415 —[i-1+5
1 3 A 3 3

24 V= n_[;xz dy

=42-5Y% =362, area units.

3,V
Inserting the function yields, V= ﬂj [l) dy

o\ 4
3. T
Integration yields, V= L{, y/a }
4% S o
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22.6

22,7

228

Inserting limits yields, V=" x g(g% _ OJ
4A 5
%
o V= ﬁ: A 4.67 volume units
4A x5

We equate the two equations to find the coordinates where the two lines overlap. We say,
xX2=-2x+8,500=x%>+2x-8,500 = (x—2) (x+4). The two lines intersect at values of
x=-4and +2.

2
3
The area beneath the parabolic curve = jixz dx= {%} =24 area units.
-4

The area beneath the line, Ji —2x +8 dx = [-x*+ 8x]% = 60 area units.
The area of overlap = 60 — 24 = 36 area units.

Volume = ”,[: y2dx

4 4
Inserting the function yields, Volume= 7| (exp(2x))*dx= nj exp(4x)dx
2 2

xp(4x) |’
Integration yields, Volume = n[%}
2
Inserting limits yields, Volume = g(exp(16) —exp(8))
50 (to 4s.£) Volume = §(8.886 x10° —2.981x10%)=6.977x10°
Strategy

There are three separate integrals here, each embedded in the others.

1. Asbefore, we integrate in three stages then multiply together the results of the three
component answers.

2. Werearrange to equate the integral to 1.

Solution

_2r

4]

o T 27
1. Fromeqn. (22.3),nydV=N2I r exp( ]drj sin0do| d¢
0 0 0
2. Integration with respect to ¢. The relevant part of the outermost integral is,
27
jﬁ d¢=2n
Integrate with respect to 6. Using a standard integral, the relevant part of the middle

integral is, ["(sin6) d6=[-cos0 |} =-[(-1) - 1] =2.

Integrate with respect to r. We need one of the standard integrals in Table 21.1. The
relevant part of the innermost integral is,

N? rzexp{—gj dr=N?*x1}a}
0 S

3. Theoverall integral is N> X Yaa3 X 2 X 27 = agaN>.
4. Werearrange to make N the subject to ensure the integral in part 3 equals 1,

s
N= [—gj , so the normalized wavefunction is,
o Y

1 r
{na) ol2)

nay ay
1p3p1
The respective integral is,J‘ J- I 8xyz dx dy dz
0420

It does not matter in which order we perform this integral because the functions are not
interconnected. We will use the order x, then y, and finally z.

@®
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ZZ} [Zy z] =10z

1
0:5

1
Z} :[4x2yz]:) =4yz

V—\

Xx-plane .[ 8xyz dx =

.b

3
y-plane L 4yzdy = [

z-plane J. 10z dz =[

The volume is therefore 5.

The probability P = 1 since the particle must lie somewhere on the surface of the sphere,

therefore
jj”jﬂ”uﬂsinededqs:l
Substituting for y, j‘j”J.OHN 2cos*Osin0dOdg=1

We can separate out the different variables,

NZI d¢j sin6cos® 0do= Nz[ﬂh{cm 9} i

2
Evaluating the integral, —N?(Zn) (cos® 7—cos®0) =1
NZ
Simplifying we find, ——(271) (-D*-1®=1
This becomes, N? ( 43”] 1

so we can rearrange this expression to find the normalization constant, N = et
Substituting in for the two wavefunctions,
2mpm .
j.o _[0 N cosOx N, sinfe'’ xsin@dod¢
Separating the variables gives,
2z i T . 9
N;N, IO e d¢.[0 cosOxsin”*0do

Evaluating the integrals,

. 27 T

1¢ : .3 .

NyN, S0 | NilNa a1y (5in® £—sin®0)
i N 3 3i

Both sin terms equal 0, so we conclude that,

J.OZWJ.O”%% sin6dfd¢=0

This value of 0 means they are indeed orthogonal.
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